BOUNDS ON THE DENOMINATORS IN THE CANONICAL BUNDLE 

FORMULA 

ENRICA FLORIS 

Abstract. In this work we study the moduli part Mz in the canonical bundle formula of an 
Ic-trivial fibration / : {X, B) ^ Z whose generic fibre F is a rational curve. If r is the Cartier 
index of {F,Bf) it was expected that 12r would provide a bound on the denominators of 
Mz- Here we prove that such a bound cannot even be polynomial in r, we provide a bound 
N{r) and an example where the minimum integer V such that VMz has integer coefficients 
is at least N{r)/r. Moreover we prove that even locally the denominators of Mz depend 
quadratically on r. 



1. Introduction 

The canonical bundle formula is an important tool in classification theory to reduce the 
study of varieties of intermediate Kodaira dimension, that is < kod(X) < dimX, to the 
study of varieties, more precisely pairs, having Kodaira dimension or equal to their dimen- 
sion. 

To be precise, let {X, B) be a log canonical pair, where X is a normal variety of dimension 
n over the field C and B a Q-divisor. We consider the canonical ring of (X, B) 

R{X, B) = ©r(X, m{Kx + B)) 

where the sum runs over the m sufficiently divisible. If R{X, B) is not the ring 0, then for m 
sufficiently large and divisible \m{Kx + B)\ defines a morphism 

(j): X' ^ Z 

where X' is some birational model of X. There are three cases. 

(1) If dimZ = then Kx' + B' is torsion. 

(2) If < dimZ < n then is a fibration with general fibre F such that Kp + B'\p is 
torsion. 

(3) If dim Z = n then (X, B) is of log general type. 

If X is a smooth surface and 5 = the three cases become the following. 

(1) The canonical divisor Kx is torsion and more precisely mKx = Ox for some m G 
{1, 2, 3, 4, 6}. Smooth surfaces of this type are classified up to isomorphism. 

(2) The morphism is a fibration with generic fibre an elliptic curve. 

(3) If dim Z = 2 then X is of general type. 
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In the second case we have Kodaira's canonical bundle formula for a minimal elliptic surface 
(see for instance [3^, Chapter V, Theorem 12.1]) 



where L is of the form R + j*(9pi(l), with R is supported on the singular locus of (f) and 
j : Z — 7- is the j-function. The sum in the formula is over the p E Z such that (f)*p is a 
multiple fibre and rrip is such that (f)*p = mpSp where Sp is the support of the fibre. Kawamata 
in [3 IH] pointed out that the divisor R + ^{^ — ^/mp)p can be computed in terms of the pair 
{X, B). More precisely, if i? + ^(1 — l/mp)p = ^ bpp then 1 — bp is the largest real number 
t such that the pair {X, B + tf*p) is log canonical. In the case where X has dimension n, the 
current generalization of the formula is due to Ambro [2] and reads as follows: 



where r G N is the Cartier index of the fibre, is a rational function, the divisor Bz is called 
the discriminant and corresponds to ^(1 — + in Kodaira's formula, while M^, called 

the moduli part, corresponds to j*(9pi(l) and measures the (birational) variation of the fibres. 
All the theory about the canonical bundle formula is developed for Ic-trivial fibrations. The 
definition of this class of fibrations is quite technical and for it we refer to the second section. 
It is shown in |2] by Ambro, for (X, B) generically kit on the base, and in [1] by KoUar in the 
Ic case the following result 

Theorem 1.1 (Ambro, [2] Theorem 0.2, Kollar, [4J). Let f:{X,B)^Z be an Ic-trivial fi- 
bration. Then there exists a proper birational morphism Z' ^ Z with the following properties: 

(1) Kz' + Bz' is a Q-Cartier divisor, and v*{Kz' + Bz') = Kz" + Bz" for every proper 
birational morphism u: Z' ^ Z" . 

(2) the divisor Mz> is Q- Cartier and nef and v*{Mz') = Mz» for every proper birational 
morphism u: Z' ^ Z" . 

The regularity of the pair {Z,Bz) depends on the regularity of {X,B), more precisely 
{Z,Bz) is kit (resp. Ic) if and only if {X,B) is (see p4 Proposition 3.4]). 
Furthermore the following properties are conjectured for Mz- 

Conjecture 1.2 (Prokhorov-Shokurov, [TU] Conjecture 7.13). Let f: {X,B) Z be an Ic- 
trivial fibration. 

(1) (Log Canonical Adjunction) There exists a proper birational morphism Z' Z such 
that Mz' is semiample. 

(2) (Particular Case of Effective Log Abundance Conjecture) Let be the generic fibre 
of f . Then Iq{Kx^ + Bn) ~ 0, where Iq depends only on dimX^ and the multiplicities 
of the horizontal part of B. 



(1.1) 




(1.2) 



Kx + B + -{^) 



<P*{Kz + Bz + Mz) 



r 
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(3) (Effective Adjunction) The divisor Mz is effectively semiample, that is, there exists a 
positive integer I depending only on the dimension of X and the horizontal multiplici- 
ties of B (a finite set of rational numbers) such that IMz is the pullback of M, where 
M is a base point free divisor on some model Z'/Z . 

The relevance of the above conjecture is well illustrated for instance by a remark due to 
X. Jiang, who observed recently [?, Remark 7.3] that Conjecture 11.2( 3) implies a unifor- 
mity statement for the litaka fibration of any variety of positive litaka dimension under the 
assumption that the fibres have a good minimal model. 

These conjectures are proved in the case where the fibres have dimension one. 

Theorem 1.3 (Prokhorov-Shokurov, [lOj). Coniecture \1.2\ holds in the case dimX = dimZ + 
1. 

It is important to remark that the proof of Theorem 11.31 strongly uses the existence of the 
moduli space A4o,n- Moreover the constant / that appears in Theorem 11.31 is not explicitely 
determined. In [TOl Remark 8.2] the authors expect that a sharp result might be J = 12r 
where r is as in Formula (11. 2p . In particular this would imply that the denominators of the 
Q-di visor M are bounded by r. In the case of one-dimensional fibre, ii B = the general 
fibre is an elliptic curve and the result follows from Kodaira's Formula f ll.ip . li B ^ then 
the generic fibre F is a rational curve and B is effective and such that degB\p = 2. In this 
case the situation is more complicated. 

In this work we prove that in the case where the generic fibre is a rational curve the 
expectation of Prokhorov and Shokurov cannot be true. Indeed we can prove that there are 
examples in which 12rM has not even integer coefficients. 

Counterexample 1.4. There exists an Ic-trivial fibration f: {X,B) — )■ Z whose generic 
fibre is a rational curve such that 12rMz has not integer coefficients. More precisely for any 
positive and odd r G M there exists an Ic-trivial fibration f : (X, B) Z such that M.2) holds 
and with moduli divisor Mz = ^pP '^'^'^ there exists a point a ^ Z such that the minimal 
integer m such that mCo & 1^ is greater or equal to 2r^ — r. 

Neverthless we can show the following local result, which is not far from being sharp by 
the previous example: 

Theorem 1.5. Let f: {X,B) Z be an Ic-trivial fibration whose generic fibre is a rational 
curve. Let Bz = J2 P-iVi be the discriminant. Then for every i there exists U < 2r such that 

rlA e 

An important remark is that for an Ic-trivial fibration whose general fibre is a rational curve, 
for every / G Z, IrMz has integer coefficients if and only if IrBz has integer coefficients. To 
prove Theorem 11.51 we give an expression of the log canonical threshold of a fibre with respect 
to (X, B) in terms of the pull back of the canonical divisor of X, the pull back of the fibre 
and the pull back of B. 

An interesting question is to determine the best possible global bound on the denominators 
of Mz- Theorem 11.51 implies that {2r)\Mz has integer coefficients, but it is certainly not the 
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best bound. Using techniques from Theorem II .51 we can prove that a polynomial global bound 
cannot exist and determine a bound. 

Theorem 1.6. (1) A polynomial global bound on the denominators of Mz cannot exist. 
Precisely for all N there exists an Ic-trivial fibration 

f: {X,B)^Z 

such that if V is the smallest integer such that VMz has integer coefficients then 

V > r^+\ 

(2) Let f : (X, B) ^ Z be an Ic-trivial fibration whose generic fibre is a rational curve. 
Then there exists an integer N{r) that depends only on r such that N{r)Mz has integer 
coefficients. More precisely if we set s{q) = max{s | q'^ < 2r} then 

N{r) = r Yl l'^"^- 

q<2r 
q prime 

(3) For all r odd there exists an Ic-trivial fibration 

f: {X,B)^Z 

such that if V is the smallest integer such that VMz has integer coefficients then 
V = N{r)/r. 

In [TT] G. T. Todorov proves, in the case where the pair (X, B) is kit over the generic point 
of Z, the existence of an explicitely computable integer /(r) such that I{r)Mz has integer 
coefficients using techniques from ^ where the existence of such an integer is proved in the 
case B = 0. Todorov's bound is considerably greater than the bound provided by Theorem 



r 


I(r) 


N(r) 


3 


120 


60 


4 


5040 


420 


5 


1441440 


2520 


6 


160626866400 


27720 


7 


288807105787200 


360360 


8 


6198089008491993412800 


360360 


9 


7093601304616933605068169600 


12252240 


10 


194603155528763897469736633833782400 


232792560 



An explicit global bound on the denominators of Mz is important in order to obtain ef- 
fective results for the pluri-log-canonical maps of pairs with positive Kodaira dimension. For 
instance the bounds in [5^ Theorem 6.1] and [lli, Theorem 4.2] can be immediately improved 
by using Theorem 11.61 

One of the difficulties of studying the moduli part of Ic-trivial fibrations with fibres of dimen- 
sion greater than one is the lack of a moduli space for the fibres. It is therefore worth noticing 
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that our arguments make no use of A^o,n- We hope that our more elementary approach could 
lead to a better understanding of the moduli divisor for fibrations with higher dimensional 
fibres. 

Acknowledgements. This work has been written during my first year of Ph.D at the 
Universite de Strasbourg. I would like to thank my advisor Gianluca Pacienza for proposing 
me to work on this subject and for constantly supporting me with his invaluable remarks and 
his advice. I would also like to thank Florin Ambro for the many fruitful conversations we 
have had together as well as Andreas Horing for all the useful comments he has made to me. 

2. Notations and preliminaries 

2.1. Notations, definitions and known results. We will work over C, In the following 
=, ~ and ~Q will respectively indicate numerical, linear and Q-linear equivalence of divisors. 
The following definitions are taken from 

Definition 2.1. Let {X,B) be a pair, B = Yl^iBi with hi G Q. Suppose that Kx + B is 
Q-Cartier. Let v.Y^X he a hirational morphism, Y normal. We can write 

Ky = p*{Kx + B) + Y, X, B)Ei. 

where Ei (1 Y are distinct prime divisors and a{Ei, X, B) G M. Furthermore we adopt the 
convention that a nonexceptional divisor E appears in the sum if and only if E = v'^Bi for 
some i and then with coefficient a{E,X,B) = —hi. 
The a{Ei, X, B) are called discrepancies. 

Definition 2.2. Let {X,B) he a pair and f: X ^ Z he a morphism. Let a E Z he a point 
(possihly of positive dimension). A log resolution of {X,B) over o is a hirational morphism 
v: A' — )■ X such that for all x G f~^o the divisor v*{Kx + B) is simple normal crossing atx. 

Definition 2.3. We set 

discrep(X, B) = inf{a(E, X, B) | E exceptional divisor over X}. 

A pair (A, B) is defined to he 

• kit (kawamata log terminal) z/ discrep(X, B) > —1, 

• Ic (log canonical) z/ discrep(X, B) > —1. 

Definition 2.4. Let f : {X,B) Z be a morphism and a E Z a point. For an exceptional 
divisor E over X we set c{E) its image in A. We set 

discrepQ(X, B) = inf{a(E, X, B) | E exceptional divisor over X, f(c(E)) = o}. 

A pair (A, B) is defined to be 

• kit over (kawamata log terminal) z/ discrepQ(X, B) > —1, 

• Ic over (log canonical) z/ discrepQ(X, B) > —1. 
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Definition 2.5. Let {X, B) he an Ic pair, D an effective Q-Cartier Q-divisor. The log canon- 
ical threshold of D for (X, B) is 

7 = sup{i e K+l (X, B + to) is Ic}. 

Definition 2.6. Let {X, B) he a Ic pair, v. X' ^ X a log resolution. Let E C. X' he a divisor 
on X' of discrepancy —1. Such a divisor is called a log canonical place. The image i'{E) is 
called center of log canonicity of the pair. If we write 

Kx' = iy*{Kx + B) + E, 

we can equivalently define a place as an irreducihle component of [—E\ . 

Definition 2.7. Let {X, B) he a pair and v. X' ^ X a log resolution of the pair. We set 

A{X,B) = Kx'-iy*{Kx + B) 

and 

A{X,By = A{X,B) + E. 

E place 

Definition 2.8. A Ic-trivial fibration f : {X,B) — )■ Z consists of a contraction of normal 
varieties f: X ^ Z and of a log pair {X, B) satisfying the following properties: 

(1) (X, B) has log canonical singularities over a hig open suhset U C Z; 

(2) iai]k flOx{\A*{X,B)'\) — 1 where f' — foi/ and v is a given log resolution of the 

pair (X, B); 

(3) there exists a positive integer r, a rational function (p e k{X) and a Q-Cartier divisor 
D on Z such that 

Kx + B + -{ip) = f*D. 
r 

Remcirk 2.9. The smallest possible r is the minimum of the set 

{m e N\m{Kx + B)\f ~ 0} 

that is the Cartier index of the fibre. We will always assume that the r that appears in the 
formula is the smallest. 

Definition 2.10. Letp C. Z he a codimension one point. The log canonical threshold of f*{p) 
with respect to the pair {X, B) is 

7p = sup{i e R| (X, S + tf*{p)) is Ic over p}. 

We define the discriminant of f : {X, B) ^ Z as 

(2.1) Bz = 5^(1 -7p)p- 

p 

We remark that, since the above sum is finite, Bz is a Q-Weil divisor. 
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Remark 2.11. In what follows we will treat the case where / : X — )■ Z is a P^-bundle over a 
smooth curve. We write B as the sum of its vertical part and its horizontal part, B = B^ + B"" . 
Since every fibre of / is irreducible there exists a Q-divisor A on Z such that B"" = f*A. 
This implies that also / : (X, B^) — Z is an Ic-trivial fibration and let B'^ and be its 
discriminant and moduli part. Then by [21 Remark 3.3] Bz = B'^ + A and Mz = M'^. Thus 
we can suppose B = B^. In this case, if we write -B = ^ biBi, the smallest possible r is the 
least common multiple of the denominators of the 6j's and for all i 

hi e -z. 

r 

Remark 2.12. Let /: {X, B) ^ Z he an Ic-trivial fibration on a smooth curve and let o E Z 
be a point. Let F = f*o be its fibre. Let 6: X ^ X he a log resolution of {X, B + f*o) over 
o, that is, if E is an exceptional curve of 6 then f{6{E)) = o. Then we have 

6*Kx = K^-Y.e^Ei 
6*F = F + ZdiEi 
6*B = B + Za,Ei 

The resolution 5 is a log-resolution over o also for the pair [X, B + tF) for all t. If {X, B + tF) 
is Ic then by definition for all i 

-Ci + ttti + ai < 1. 

Since the coefficient of F has to be less or equal than one, we also have t <1. Therefore 

t < min{l, min{ — (1 + Cj — ai)}}. 

Definition 2.13. Fix ^ G C(X) such that Kx + B + ^{!f) = f*D. Then there exists a unique 
divisor Mz such that we have 

(2.2) Kx + B + -{^) = r{Kz + Bz + Mz) 

r 

where Bz is as in Ii2.1\) . The Q-Weil divisor Mz is called the moduli part. 
We have the two following results. 

Theorem 2.14. [2), Theorem 2.5], ^ Let f : {X,B) Z he a Ic-trivial fihration. Then there 
exists a proper hirational morphism Z' ^ Z with the following properties: 

(i) : Kz> + Bz> is a Q-Cartier divisor, and v*{Kz' + Bz') = Kz» + Bz" for every proper 
hirational morphism u: Z" ^ Z' . 

(ii) : Mz' is a nef Q-Cartier divisor and v*{Mz') = Mz" for every proper hirational 
morphism v: Z" ^ Z' . 

Theorem 2.15 (Inverse of adjunction). [1, Proposition 3.4] Let f : {X, B) ^ Z he a Ic-trivial 
fihration. Then {Z,Bz) has kit (Ic) singularities in a neighhorhood of a point p E Z if and 
only if {X,B) has kit (Ic) singularities in a neighhorhood of f~^p. 
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The Formula (12. 2p . with the properties stated in Theorem 12. 141 and Theorem 12. 151 is called 

canonical bundle formula. 

2.2. A useful result on blow-ups on surfaces. Let X be a smooth surface. Let 6: X ^ X 
be a sequence of blow-ups, 6 = Eh o ■ ■ ■ o £i and denote Pi the point blown- up by Si. In what 
follows by abuse of notation we will denote with Ei the exceptional curve of Si as well as its 
birational transform in further blow-ups. In what follows we will suppose that in Exc{6) 
there is just one (— l)-curve. Since the exceptional curve of Eh is a (— l)-curve it is the 
only exceptional curve of Exc(5). Suppose that the first point pi that is blown-up belongs to 
a smooth curve F. We will denote by F the strict transform of F by o . . . o for all i. 

Lemma 2.16. Let /: {X,B) Z be a F^-bundle on a smooth curve Z and suppose that 
B = (2/d)D where D is a reduced divisor such that DF = d. Suppose moreover that there 
is a point a & Z such that D is tangent to F = f*o at a smooth point of D with multiplicity 
d/2 < I < d. Then the log canonical threshold 



has the following expression 



Proof. A log resolution for the pair {X,2/dD + 7o-F) over o is a sequence of blow-ups S = 
Eio . . . o El such that a picture of the (/ — l)-th step is 



7 := 7o = sup{t G 



R 



{{X,B),tf*o) is Icover a} 




F 



Then 



6*D 



and we have 
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By definition ai is the coefficient of S*{2/dD) at Ei, and by our computation it is 21 /d. Since 

7 = min{l,min {! + ---}} 
= min{l,l + i-^} 

we obtain 

1 2 

□ 



3. Local results 

In this section we will be always in the situation where the fibres have dimension 1. In this 
case, a B = the condition that Kp is torsion implies the generic fibre is an elliptic curve. 
li B then F has to be a rational curve and the second condition in the definition of the 
Ic-trivial fibration implies that the horizontal part of B is effective. 

Thanks to the following lemma, studying the denominators of Mz is the same thing as 
studying the denominators of Bz- 

Lemma 3.1. Let /: {X,B) Z be an Ic-trivial fibration whose general fibre is a rational 
curve. Then for all I E N IrBz has integer coefficients if and only if IrMz has integer 
coefficients. 

Proof. By cutting with sufficiently general hyperplane sections we can assume that dim Z = \. 
We write the canonical bundle formula for / : [X, B) — > Z: 

Kx + B+ -{ip) = f*{Kz + Bz + Mz). 
r 

Let u: X ^ X he a, desingularization of X, let B he the divisor defined by 

Kj^ + B = u*{Kx + B) 

and f = fov. Then /: (X, 5) — )■ Z is Ic-trivial and has the same discriminant as /. Moreover 
it has the same moduli divisor, since 

K^ + B + ^{^) = v*{Kx + S) + ^((^) = r{Kz + Bz + Mz). 

The surface X is smooth and X ^ Z has generic fibre then there exists a birational 
morphism defined over Z 

X ^X' 
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where /' : X' — ?> Z is a P^-fibration. It follows that each fibre of / has an irreducible component 
with coeffient one. Then the statement follows from the equality 



r{K^ + B) + {^) = rr{Kz + Bz + Mz). 



□ 



Theorem 3.2. Let f : X ^ Z be a -bundle with dimX = 2. Let o E Z be a point and 7 be 
the log canonical threshold of f*o with respect to {X,B). Then there is a constant m < 2r^ 
such that m.'j is integer. Such an m is of the form Ir where I < 2r. 

Proof. The pair [X, B + 7F) is Ic and not kit, that is, it has an Ic centre. There are now two 

cases. 

The centre has dimension one. 

If the centre has dimension one, then it is the whole fibre because all the fibres are irreducible. 
In this case we have 



and since rmv\ip{B) G Z also r7 G Z. 
The centre has dimension zero. 

Step 1 Take u : X' ^ X a log resolution of {X, B + 7F) . Notice that the fibre over o is a tree 



Since (X, B + 7F) is Ic and not kit there is a place appearing between the leaves of the tree. 
Write 1/ as a composition of blow-ups, set u = en ° ■ ■ ■ o £1 and let k be the minimum of the 
indices such that the exceptional curve of £fe is a place for {X, B + ■jF), P = Ek- Let r] be 
the composition o . . . o : Xi — > X. We have: 



1 = multF(S + 7F) = multF(S) + 7 



of P^'s. 



X' 




X 



1 



X 



If the only (— l)-curve in Xi is P then wc set X = Xi and 5 := 77. Otherwise, if there is 
another (— l)-curve, by the Castelnuovo's theorem we can contract it in a smooth way: 
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X' 



X 

This process ends because in X' there were finitely many i/-exceptional curves. Then we 
obtain a smooth surface X such that the only (— l)-curve in X is P. We set 5: X — )■ X and 
write 5 = Eh o . . . o 

Step 2 We have obtained X smooth with a diagram 

X' 



X 




X 

where X — > X is minimal in order to obtain a log canonical place P which has to be a — 1- 
curve and 6 = Eh o ... o ei is a sequence of blow ups. Let pi be the point blown up by Ei. 
Let be the strict transform of the component 5, of B at the step j and B^ be the strict 
transform of B. By abuse of notation we will denote by F the strict transform of F by every 
Ei and by Ei the exceptional curve of Ei as well as its strict transform in the further blow-ups. 
Notice that P = Eh- In what follows we will adopt the following notation: 



6*K 



X 



K 



X 



^eiEi 



B 



6*B 



Y^hBi- 

B + ^aiEi, S*F = F + YaiEi. 



Here B and F denote the strict transform of B and F. Remark that for all i we have 

1. 



(3.1) 



a,; 



-Z. 



Indeed 6j G 1/rZ for all i by Remark 12.91 Equation (13. ip follows from the fact that 

«! = 6jmultpji?j 

B^^Pl 

and, for / > 1, that ai is a linear combination of the a,'s with j < / plus XIb'^^^d ^iKiultp^i?, 



i-i 
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Since Eh is a place we have 

1 = mu\tE^{6*{Kx + B + ^F)~ K^) = -en + an + lan. 

Since is an integer and G 1/ rZ, if we prove that an < 2r we are done. By the minimahty 
of 5 there exists a component Bi of -B such that the strict transform of Bi meets E^, that 
is B^Eh > 0. Then 

2r > BiF = 5*Bi5*F = B^5*F = B^{F + ^aiEi) 
> ahB'lEh>ah. 

□ 

We can finally prove the main result. 

Proof of Theore'm \1.5[ The statement in dimension 2 follows from Theorem l3.2l and \2\ Lemma 
2.6]. Indeed if X — Z is a fibration whose general fibre is a and X is smooth, then by the 
general theory of smooth surfaces there exists a birational morphism a : X — > X' where X' is 
a P^-bundle. More precisely X' is a minimal model of X that is unique if the genus of Z is 
positive. 

The general result follows from the one in dimension 2 by induction on the dimension of the 
base. Suppose now that the statement is true in dimension n — 1 and let X — Z be a fibration 
of dimension n. The set 

^ J ° point of Z of codimension 1 such that the log canonical I 
I threshold of fo with respect to {X,B) is different from 1 I 

is a finite set. 

We fix then a point o G iS. By the Bertini theorem, since Z is smooth, we can find a hyperplane 
section H C Z such that 

(1) H is smooth; 

(2) H intersects a transversally; 

(3) H does not contain any intersection oH o' where a' G 5\{o}. 

Set 

XH = f-\Hy, fH = f\x,; Bh = B\x,; OH = onH. 

The restriction fn'- {Xh,Bh) H is again an Ic-trivial fibration. Then the log canonical 
threshold of f^on with respect to {Xh, Bh) is equal to the log canonical threshold of f*o 
with respect to (X, B) and the theorem follows from the inductive hypothesis. □ 

Notice that even if in many cases m = r is sufficient to have that mMz has integer 
coefficients there exist cases in which a greater coefficient is needed. 

Example 3.3. Let vr: X -> C be a P^-bundle on a curve C . Let X° — >■ [/ be a local 
trivialization, where U C C is an open subset and X" = it~^U. This means that there is a 
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commutative diagram 

XO — ^ f/ X pi 




U. 



We can furthermore suppose that we have a local coordinate t on U . Let [x : y] be coordinates 
on Set 

D = {ty'^ - x^y'^-^ -x'^ = 0}CU 
and let D be the Zariski closure of D in X. 

Consider the pair {X, 2/dD). Then we have deg{Kx + '2/dD)\F = and there exists a rational 
function ip such that we can write 

Kx + 2/dD + -{if) = r{Kc + Bc + Mc) 
r 

where r = c? if c? is odd and r = d/2 if d is even. We want to compute now the coefficient of 
the divisor Be at the point t = 0. Its coefficient is 1 — 7 where 7 is the log canonical threshold 
of {{X,2/dD), F). A log resolution for the pair {X,2/dD) over the point t = is given by 
the composition of / blow-ups. At the {I — l)-th step the picture is as follows 



El 



D 



We call (5 : X — )■ X this composition of blow-ups. We have 

I I I 

6*Kx = K^-^iE, 6*D = D + Y^ iEi 6*F = F + Y^ iEi, 

i=l i=l i=l 

where by abuse of notation we denote by Ei the exceptional divisor of the z-th blow-up as 
well as its strict transforms after the following blow-ups. Thus 

I 

6*{Kx + 2/dD + 7F) = Kj^ + 2/dD + 7F + ^ z(-l + 7 + 2/d)Ei. 

i=l 

By Lemma [2.161 we have 

1 2 

So if we chose / < d and such that 21 > d, we obtain 7 = 1 — For / = 5 and d = 9 we 
have 7 = 1 — ^^ ikr'^ contrary to the Prokhorov and Shokurov expectation. 



14 



ENRICA FLORIS 



Notice that this gives us an example also if we take / to be any prime greater or equal to 13 
and d = 21 — 1. 

To prove that the bound stated in Theorem 13.21 is not far from being sharp, we take d even 
such that d/2 is odd and I = d — 1. Then r = d/2 and 

21 ~d 2(2r - 1) - 2r 2(2r - 1) - 2r 2(r - 1) 

7 = 1 = 1 ^ = 1 ^ = 1 -. 

Id 2r^ — r 2r'^ — r (2r — l)r 

Since 2(r — 1) and (2r — l)r are coprime, the smallest integer m such that m'-f is integer is 
m = 2r^ — r. 

4. Global results 

Lemma 4.1. Let f: X ^ Z be a ¥^ -bundle on a smooth curve Z. Let D C X be a reduced 
divisor such that f\D'- D ^ Z is a ramified covering of degree d with at least N ramification 
points pi . . .pN that are smooth points for D. Suppose that d is even. Suppose moreover that 
the ramification indices li, . . . ,1^ o^t pi, . . . ,piy satisfy the following properties: 

(1) 2li > d for all i; 

(2) Zj and Ij are coprime for all i j ; 

(3) Zj and d are coprime for all i. 
Then 

(i) : the fibration 

/: {X,2/dD)^Z 

is an Ic-trivial fibration, in particular there exists a rational function ip such that 

Kx + Id + -{ip) = f*{Kz + Mz + Bz). 
d r 

(ii) : The Cartier index of the fibre is r = d/2. 

(iii) : Let V be the smallest integer such that VMz has integer coefficients. 
Then V > r^+\ 

Proof. The first part of the statement follows easily from the fact the degree of {Kx + 2/dD)\F 
is 0. The Cartier index of the fibre is 

r = min{m| m{Kx + 2/dD)\F is a Cartier divisor}. 

But since F is a smooth rational curve this is 

r = min{m| m{Kx + 2/dD)\p has integer coefficients} = — 

and the second part of the statement is proved. In order to prove the third part of the 
statement we remark that since D is smooth at pi and f\D ramifies at pi the only possibility 
is that D is tangent to F at pi with order of tangency exactly U. 
Then we can apply Lemma 12.161 and by Equation fl3.1l) an expression for 7 is 

. 1 2 
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Since li and d are coprime, lid divides V 

h 

Since /j > c?/2 = r for alH we have 

V>li 

Proof of Theorem \l.b\ (1). Let iV be a positive integer and / : X — )■ Z be a P^-bundle on a 
smooth curve. Let U C Z be an open set that triviahzes the P^-bundle and such that we have 
a local coordinate t on it. Take c?, /i, . . . , /^r G N be such that 

/o := < /i < . . . < /at < In+i '■= d 

and such that they verify conditions (1)(2)(3) of Lemma HTTl Let Oi, . . . , oat be distinct points 
in U. Let [u : v] be the coordinates on the fibre and x = u/v the local coordinate on the open 
set {i; 7^ 0}. Let D be the Zariski closure in X of 

{N+l / N 
5^ (x'-^ + ... + a;''=-')n(^-o.) 
fc=l V i=k 

The restriction of D to the fibre over Oj is the zero locus of a polynomial of the form 

hi{x) = x^'qi{x) 

such that X does not divide g,. Notice that D is smooth at the points Pi = (0, Oj) because 
the derivative with respect to t of the polynomial that defines Dq is non-zero at those points. 
This insures that D is tangent to the fibre F = f*Oi with multiplicity exactly li and then that 

fln-.D^Z 

has ramification index exactely /j at Pi. The fibration /: {X,2/dD) — )■ Z satisfies all the 
hypotheses of Lemma 14. 1[ Therefore if V is the minimum positive integer such that VMz 
has integer coefficients we have V > r^"*"^. □ 

Proof of Theorem \1.6[ (2). Let Bz = Y^biOi be the discriminant divisor. Let V be the min- 
imum integer number such that VBz has integer coefficients. If we write 6, = Ui/vi with 
Ui, f j G N and coprime it is clear that V = lcm{vi}. We have seen in the proof of Theorem 
13.21 that Vi divides kr for some /j < 2r. Then 

V = lcm{vi} I lcm{lir}. 

Let us remark that if g is a prime number such that divides V then there exists a point p 
such that divides IpV. Let r = H?'!^^''*'* t>e the decomposition of r into prime factors and 
suppose that q is equal to some prime qi. We have then that 

q',-'^''^ I /p < 2r. 

Set 

s{q) = max{s | q^ < 2r}. 



for all i. Again since li and Ij are coprime for all 
...lNd\V. 

...M>2r^+\ 

□ 
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□ 

The bound of Theorem 11.61 is not far from being sharp thanks to the following example. 

Proof of Theorem \1.6[ (3). Let r be an odd integer number. Let s{q) be the integer defined 
above. Set 

h{q) = max{h \ r < 2^q'^''^ < 2r} 

and set 

{/i < . . . < /jv} = {2'^('?)g^('?)| q<2r, q prime}, 

Iq = 0, = d = 2r. 
Consider the divisor D defined as the Zariski closure of 

{N+l / N 
k=l \ i=k 

Consider now B = 1/rD. The fibration /: {X,B) Z is Ic-trivial. Let V be the minimum 
integer such that VMz has integer coefficients. 

Then for each i = 1 . . . iV by Lemma [2.161 we have the following expression for 'ff. 

2li- d ^ r - li 
7i = 1 n— = 1 + 



lid liT 

For every i we have U = 2^^'''^ q'^^'^^ for a suitable q. Since r is odd 

gcd{2''^'Jk'^''\r} = q"'^"^ 

for some s'{q), then 

= ^ " ^ + 2h{q)qs{q)-s'{q)^ ' 

Then for all q such that g < 2r we have 
that implies that 

/cm{2'^(^)g^('?)-^'(^V}|K 

But 

lcm{2^^'^^q<'^-''^'^\} = 



□ 
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